JOINT INSTITUTE FOR NUCLEAR RESEARCH

Bogoliubov Laboratory of Theoretical Physics

FINAL REPORT ON THE

INTEREST PROGRAMME

Numerical methods in theory of topological solitons

Supervisor:

Dr. Yakov Shnir

Student:
Marcos Alvarez Hernandez, Cuba.

University of Havana

Participation period:

March 03 — April 19, Wave 12

Dubna, 2025



Contents

1 Introduction

2  O(3) Nonlinear Sigma Model
2.1 Stereographic Projection . . . . . . . .. ... L Lo
2.2 EnergyDensity . . . . . . . . .
2.3 Eight Solitons Solution . . . . . . . . . .. .. ...

2.4 FEight-soliton solution foratriangle . . . . . . . ... ... ... ... .....

3 Skyrmions
3.1 Baby SkyrmeModel . . .. ... ...
3.2 SkyrmeModel . . .. ...

4 Conclusions

References

11

14

15



1 Introduction

Topological solitons are localized, stable solutions of nonlinear field equations, first studied in
the context of the Fermi-Pasta-Ulam problem and subsequently elaborated into a major branch
of modern theoretical physics. Such structures appear in a variety of systems from condensed
matter to high-energy theory, e. g., Skyrme models of baryons. Their stability is often topolog-
ically protected; thus, they are robust against perturbations.

This project explores topological solitons in nonlinear field theories, with a focus on the O(3)
sigma model, the baby Skyrme model, and the Skyrme model. Using stereographic projections,
we construct explicit multi-soliton solutions and analyze their energy densities, topological
charges, and stability. For the O(3) model, we derive N-soliton configurations via rational
holomorphic maps. In the baby Skyrme model, we numerically investigate profile functions for
@ = 1 solitons, comparing with known results in spontaneous symmetry breaking.Finally, we
derive the spherically symmetric Skyrmion solution, compute its baryon number, and discuss
its implications for holographic duality. Our work bridges analytical and numerical approaches,

highlighting the role of topology in soliton stability.

2 O(3) Nonlinear Sigma Model

2.1 Stereographic Projection

The triplet of real scalar fields ¢® = (¢1, ¢o, ¢3), is restricted to the sphere S? via the constraint
¢ ¢t =t + 5+ df = L.

We use the stereographic projection to establish a correspondence between the points of the
surface of the sphere and the points of the complex plane (parametrized by the local Euclidean
coordinates (u, w)). To do so, we draw a straight line through the north pole N (0, 0, 1) and any
point A (¢1, ¢2, ¢3) on the surface of the sphere. This straight line intersects the plane at some

point B(u, w,0). We can write equation of our line in R?:
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The inverse transformation takes a point B(u, w, 0) from the plane onto the sphere.

u(l—¢3)=¢1, w(l—¢3) =0

Using ¢? + ¢2 + @2 = 1, we get:

(u (1= 63))" + (w (1 = ¢))* + 65 = 1

(1+u2+w2)¢§—2(u2+w2)¢3+(u2+w2—1) =0
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Analogously, for the south projection, we take point S(0,0, —1), we get:
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Or, using
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we get:
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We can establish a relationship between (3) and (8):
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2.2 Energy Density

The energy density is given by:
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Using the complex variables z = x + iy and z* = x — iy we get:
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It is possible to construct any N-soliton solution of the O(3) sigma model by holomorphic

map W = P(z)/Q(z) where P and ) are polynomials of degree at most N of the complex

coordinate z = x + 7y. For instance, using:

(15)



where a, b, ¢, d are some complex parameters, we obtained 2-soliton solution.

@a=1b=4c=-1,d=-1
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Figure 1: Energy density distribution for different values of a, b, c and d

2.3 Eight Solitons Solution

We can generalize to a general N-soliton configuration. The corresponding holomorphic func-
tion IV can be expressed as a rational map of degree N. For example, it has in general 4N + 2
real parameters that fix the position of the solitons in the R? plane, their shapes and sizes as
well as relative orientations.

We can introduce a potential, that produces 8 solitons in the North and South projections. If in

the North, the potential has the form:

8 1 -1
Wy = A ZZ_Z‘] (16) (16)




And, according with (11), the south projection is given by:
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A chain of 8 solitons aligned on the x-axis is given by the mapping of the form
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Figure 2: Chain of 8-soliton solution with A =4, zo = —3/5andd = 1

2.4 Eight-soliton solution for a triangle
Considering the holographic map:

4
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An equivalent south pole projection is given by:
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Figure 4: Field components of (17)



3 Skyrmions

3.1 Baby Skyrme Model

The Lagrangian of the 2+1 dimensional baby Skyrme model is:
1 1
L = 5(0:6") = J(cared"0:0"0,6%)* — p*(1 = &%) (22)
with the constraint:

¢iot =1 (23)

The ansatz (rotationally invariant configuration) is:
@' = cosOsin f(r), ¢*=sinbsinf(r), ¢° = cosf(r) (24)
where (r,0) are polar coordinates and f(r) is a profile function. The topological charge (or

winding number) for the baby Skyrme model in 2D is given by:

Q= i / d*w €560 0,7 0; ¢ (25)

In terms of polar coordinates (r,6), the Jacobian determinant for the transformation is d?z =

rdrdf. Rewriting the charge density in polar coordinates:

1
Q = 4— /Tdee eije“bcqﬁaﬁiqﬁb@jqﬁc

™

Using the ansatz, we compute the derivatives:
O.¢' =cosbcos ff', 0,¢> =sinbcos ff, 0,6 =—sinff

Opp' = —sinfsin f, Oy¢p® = cosfsin f, Og¢p®> =0

The charge density involves the determinant:

eabcgbaar ¢b89 ¢c



Computing term by term: Fora = 1,b = 3,¢c = 2:
=1, ¢'0,0°0yp* = (cosBsin f)(—sin ff')(cosfsin f) = — cos® @sin® f f,
fora =2,0=3,c=1:
=1, $*0,¢0°0¢" = (sinfsin f)(—sin ff')(—sinOsin f) = sin® §sin® f f,
and for other permutations:
¢'0,¢°0p0° = ¢°0,0°0p¢" = ¢°0,¢' 0p¢* = 0.
Adding up these terms, we get:

Q:%/rdrdﬁﬂsinff':%/o drsinff’:%[cosf(oo)—cosf(())], (26)

™

where, for f(0) = 7 and f(o0) = 0, we have ) = 1.

The energy functional for the 241 dimensional baby Skyrme model is:
2 1 a\2 1 a b c\2
FE = d°x §(az¢ ) + Z(eabc¢ az¢ 8]¢ ) + U(¢) . (27)
The kinetic term is:
1
- 81 a 2.
5(0:6")

We compute the derivatives in polar coordinates. Squaring and summing the radial derivatives

over a, we get:

(ar¢a)2 — f/2,

and for the angular derivatives:

(9p6")? = sin? f.

Since

0.6°96" = (0,6°) + 5 (2h")"

1/ ., sin®f
§(f2+ 2 )

we obtain:




The Skyrme term is computed before and the potential term is:

U(¢) = p*(1 —cos f).

Substitution into the energy functional yields:
> Lo | 2 9 im 2
E =2r rdr §f + —sin” f(f*+1) +p (1 —cosf) ). (28)
0 r

Variation of this functional with respect to f yields the following equation:

.9 . . /
d% {(1_ 511;2f)f,] B [QSmZ;cosf B s.lnff2 _I[fsinf} =0
. 2 . . : 2
(1- 8122]0)]0,,_ QSlnfzcosff,2+81n];§osf B smff _ Psinf =0
<92 <2 ! o ;

A graphic of f(v) vs v for several values of y is shown in [Figure 1].
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Figure 5: Profile functions f(r) of the ) = 1 baby skyrmions for various y?.
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3.2 Skyrme Model
The Skyrme model is a (3+1)-dimensional field theory where the field is a mapping U : R —
SU(2), described by the Lagrangian:

L= —%tr[(UTaMU)(UTa“U )] + %tr[(auU)UT, (0,U)UTT2. (30)

The topological charge or baryon number is given by:

1

sy

/ Pz 7 (UTO,U)(UT0,U)(UT6,U)) . (31)
A static, spherically symmetric ansatz for the Skyrmion is:
U(r) = e = cos f(r) + isin f(r) (- 7), (32)

where 7 - 7 = 7”67 represents the orientation in the SU(2) group space. Taking derivatives:

Differentiating:
O U = (—sin f f)P*7® + i cos f f'7*7% + isin fO;(7T?). (33)

We need to compute 0;(7*7%). Since:

~a Y
=
r
we get:
970 — 5iar — x“@ir . 51'(1 — faf’i
’ r2 ro
Thus:
Oiq — 774 b
0;(r77) = T+ €igh—T".
r r
Substituting this into 0, U
. an Oig — 7T . P
U =it (r“rif’ + 4 "sin fcos f + €qp—sin® f ] .
r r

Since:

U = cos f — isin f(7°77),
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multiplying,

Oia — P75 . P
L, =U'9,U = ir® (f“fif’ R T sin f cos f + eiabr— sin? f> = 17%;, (34)
r r

where:

Oia — P75 . o

ia 7T 7 6in feosf+ gmbr_ sin? f. (35)
r

We use the identity:

Tr(77°7%) = 23
This allows us to simplify the expression for ():

1

Q=5

/ 2i€ 7% il o .
Using the Levi-Civita contraction:
ket = 6(5"57°6* 4 permutations),

we obtain:

1 , [ sin2f 2 (sin* f
055 | 6[f ("57) +1 —] rdrd?

_ L {f,4sin2fcos2f N f,sin2f2sin2f] 2 drdQ)
r

272 4r?
1 -2 2 o0
_ __/f’MTerdQ — __/ f'sin® f dr (36)
272 2 7 Jo
1[I 1 in2f1/>
:_—/ (1—cos2f)df:—{f—sm f} :
™ J) 0 2 L0

If we impose the boundary conditions f(0) = 7 and f(co) = 0, we get ) = 1, which cor-
responds to the spherically symmetric unit charge skyrmion. Setting the boundary conditions
f(0) = —mand f(co) = 0, then Q = —1, the anti-skyrmion solution.

The Skyrme model is based on a field U(z) € SU(2) and has the Lagrangian:

2

e ([UT0,U,U0,U)2) + %Tr(U — 1. 37)

L= F—’gTr (8 UT{?“U) + !
16 K 32¢2
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The energy functional is given as:
3. )1 1 2 2
Using L; = i7%l,;, we compute:
Tr[L;iLi] = Tr[(—7%4) (—71:)].-
In order to compute the first term, we use the trace identity for Pauli matrices:
Tr(7%7%) = 26%,

we get:

TI'[LlLZ] = 2lailai-

Now, computing l,;l4;:

2sin? f
_ 2
lailai - f/ + 7“2 .
1 2sin? f
§Tr[LiLi] = le - r2

For the Skyrme term, the commutator is:
[LZ‘, LJ] = iﬁabcTclm‘lbj.

Taking the trace:
. 4
_ sin® f
TI'[Li, L]]Q = 2(2 51n2 fflg + T)

So,
iTr[Li Lj)* = 1(2 sin® f f”? +
16 T 8

sin? f

1sin? f
— -

8 2

1
):ZSinszler

And for the mass term:
m*Tr(U — 1) = 2m?(1 — cos f).
Finally, we get:
sin* f

E:47r/oodr (r2f'2+251n2f(1+f/2)+T+m2(1—Cosf)).
0
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The variation of this functional yields the ordinary differential equation of second order:

sin? f

72

(r? + 2sin® f)f" +2rf —sin2f(1 — f + ) +m?sin f = 0. (40)

333
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Figure 6: Figure 2: Plot of f(r) for the Skyrme model for different values of m.

4 Conclusions

Using stereographic projections (both north and south pole), we successfully constructed and
visualized the energy density distributions for 2-soliton and 8-soliton solutions. The field com-
ponents were shown to be independent of the projection choice, confirming the geometric
consistency of the approach. The solutions were generalized to N-soliton configurations via
rational holomorphic maps W = P(z)/Q(z), demonstrating the flexibility of this method for
arbitrary soliton numbers.

The profile function f(r) for the Q = 1 soliton was solved numerically, with results matching
theoretical expectations. As predicted, increasing the rescaled mass parameter 2 led to a faster
decay of f(r), reflecting the stronger influence of the potential term. The spherically symmetric

Skyrmion solution was derived, and its baryon number was verified through direct computation

14



of the topological charge. The energy density profile highlighted the role of the Skyrme term
in stabilizing the soliton against scaling collapse.
These results underscore the power of combining analytical methods like stereographic projec-

tions with numerical tools to study topological solitons across dimensions.
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