
 
 
 
 

JOINT  INSTITUTE  FOR  NUCLEAR  RESEARCH 
Veksler and Baldin laboratory of High Energy Physics 

 
 
 
 
 

FINAL REPORT ON THE 
INTEREST PROGRAMME  

 
 
 

Puzzles of Multiplicity 
 
 
 

Supervisor:  
Prof. Elena Kokoulina 
 
Student:  
Egor Filin, Russia, 
MIPT  
 
Participation period: 
March 03 – April 20, Wave 12 
 
 
 
 
 

 
Dubna, 2025 



Contents

1 Abstract 2

2 Introduction 2

3 Main part 2
3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
3.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
3.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

4 Conclusion 6

5 Acknowledgments 7

6 References 7

1



1 Abstract

Describing the quark-gluon cascade, we come to the necessity of using Markov
branching processes. The process of hadronization is considered using the exam-
ple of electron-positron annihilation. The distribution by the number of charged
particles is described. Based on experimental data, a fitting is made to find the
distribution parameters.

2 Introduction

One of the observables in the high energy experiment is multiplicity - the number
of secondary particles. The most popular one is multiplicity of charged particles.
Experimenters also restore multiplicity of neutral particles. The main statistical
characteristics of multiplicity are its mean value and a variance. pQCD allows
us to calculate hard processes but it has a hard time with description of the
hadronization stage. Two stage model offers to add to the quark-gluon stage
the phenomenological hadronization stage and calculate multiplicity distribution
for electron-positron annihilation. The comparison of this model with data
demonstrates good agreement.

3 Main part

3.1

Based on Giovannini’s idea, we consider the quark-gluon jet as a Markov branch-
ing process. Y is introduced as an evolutionary parameter.

Y =
1

2πb
ln

(
1 + αb ln

Q2

µ2

)
The main possible events are:

1. Gluon fission

2. Quark bremsstrahlung (i.e. emission of a gluon by a quark)

3. Creation of a quark-antiquark pair from a gluon.

The expressions for the probability of each of these events are, respectively.

1. P = A∆Y

2. P = Ã∆Y

3. P = B∆Y
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where A, Ã, B are constants that do not depend on Y .
The probability for a gluon or a quark to convert into mq quarks and mg

gluons in the interval (Y, Y +∆Y ) is given by the following sum of probabilities:
For gluon:

δ1mg
δ0mg

+ amgmq
∆Y = 1

Taking into account only the above events, we get

1 + (a10 + a20 + a02)∆Y = 1

a10 = −(a20 + a02)

And for quark:
δ0mg

δ1mg
+ amgmq

∆Y = 1

1 + (a11 + a01)∆Y = 1

a01 = −a11

The generating function acting on the interval ∆Y has the form:

w(ug, uq) =

∞∑
mg,mq=0

amg,mqu
mg
g umq

q

Let’s define a20 = A, a02 = B, a11 = Ã. Then the generating functions for
gluon and quark will be:

wg(ug, uq) = (−A−B)ug +Au2
g +Bu2

q

wq(ug, uq) = −Ãuq + Ãuqug

3.2

For process (mg,mq) → (ng, nq) we introduce the probability Pmgmqngnq
(Y ),

then the generating functions for gluon and quark will be:

∞∑
ng,nq=0

P1,0,ng,nq
(Y )ung

g unq
q = G(ug, uq, Y )

∞∑
ng,nq=0

P0,1,ng,nq
(Y )ung

g unq
q = Q(ug, uq, Y )

Due to the independent action of the individual partons it can be shown as:

∞∑
ng,nq=0

Pmg,mq,ng,nq
(Y )ung

g unq
q = Qmg (ug, uq, Y )Gmq (ug, uq, Y )

Considering this expression at the moment Y +∆Y we obtain

G(ug, uq, Y +∆Y ) = G(ug + wg∆Y, uq + wq∆Y, Y )

3



∂G

∂Y
=

∂G

∂ug
wg +

∂G

∂uq
wq

Similarly, for the quark generating function Q and using the expressions for wg

and wq we obtain a system of differential equations{
∂G
∂Y = −(A+B)G+AG2 +BQ2

∂Q
∂Y = −ÃQ+ ÃQG

The probability of one gluon to form a state (ng, nq) on an interval Y +∆Y
is:

P1,0,ng,nq (Y +∆Y ) =
[
1− Ãnq∆Y −Ang∆Y −Bng∆Y

]
P1,0,ng,nq (Y )

+ Ãnq∆Y P1,0,ng−1,nq
(Y ) +A(ng − 1)∆Y P1,0,ng−1,nq

(Y )

+B(ng + 1)∆Y P1,0,ng+1,nq−2(Y ) + o(∆Y )

Also acting with the quark probability, and also considering the creation of a
quark-antiquark pair from a gluon process to be suppressed in comparison with
the other two processes under consideration, we obtain this differential equations
and their solutions:

The gluon jet:

dPm

dY
= −AmPm +A(m− 1)Pm−1

solution:
Pm = e−AY (1− e−AY )m−1

And the corresponding generating function

G =
uge

−AY

1− ug(1− e−AY )

The quark jet:

dPm

dY
= −ÃPm −AmPm + ÃPm−1 +A(m− 1)Pm−1

solution:

Pm =
µ(µ+ 1) · · · (µ+m− 1)

m!
e−ÃY

(
1− e−AY

)m
where µ = Ã

A . The corresponding generating function

Q = uq

(
e−AY

1− ug(1− e−AY )

)µ

Probability for convenience we will write as follows

Pm =
µ(µ+ 1) · · · (µ+m− 1)

m!

(
µ

µ+m

)µ (
m

m+ µ

)m

It is negative binomial distribution.

4



3.3

Let’s consider the process of electron-positron annihilation. In the first stage,
through an intermediate photon or Z-boson, a quark-antiquark pair is formed.

Figure 1: First stage

The pair begins to emit gluons, thus forming a quark-gluon cascade. In the
second stage, the predominant particles are gluons. And the third stage is the
formation of hadrons, in which some of the gluons, not having hadronized, will
remain and will create mass.

The hadronization generating function for gluon or quark has the form

QH(z) =

(
1− nH

N
+

nH

N
z

)N

where N and n are the maximum and the average number of hadrons that can
be produced from a gluon or a quark.

Let quarks and gluons have the same hadronization probability, then

nH
g

Ng
≈

nH
q

Nq
=>

nH
g

nH
q

=
Ng

Nq
= α

Then the result distribution will be:

Pn = Ω
∑

Pm[QH ](2+αm)N

where Ω is the normalization factor

Pn = Ω

(
µ

µ+m

)µ
[
Cn

2N

(
nH

N

)n (
1− nH

N

)2N−n

+

+

M∑
m=1

µ(µ+ 1) · · · (µ+m− 1)

m!

(
m

m+ µ

)m

Cn
(2+αm)N

×
(
nH

N

)n (
1− nH

N

)(2+αm)N−n
]
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4 Conclusion

The resulting expression for the multiplicity distribution was fitted to the ex-
perimental data at an energy of 22 GeV and the following results were obtained

Figure 2: Graph

Figure 3: Graph in logarithmic scale
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Figure 4: Parameters
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