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O(3) sigma-model
We begin with the well-known field model which has a soliton solution - sigma-model. Here we
have multiplet of scalar fields - mappings:

ϕa : M → Φ, (1)

where M - a manifold, e.g. spacetime, Φ - target space - arbitrary Riemann manifold, which
mostly is taken to be Lie group or symmetric space. In our case M = R1,2 and Φ = O(3).

The general structure of the Lagrangian of the sigma-model in d + 1 dimension has a form of

L =
1

2

∫
M

∂µϕ
a∂µϕbgab(ϕ)d

dx, (2)

where gab(ϕ) is a metric tensor on the target space which is dependent on the field (see [1]). In
the case of the flat target space we obviously has identity as a metric tensor.

As I mentioned we will work with O(3) group, which is isomorphic to S2, what introduces
the condition ϕaϕ

a = 1. Furthermore, we will restrict our consideration to static situation and
forget about time dependency. If we recall stereographic projection C ∼= S2 we get to a map
ϕa : S2 ∼= C ∼= R2 ∪ {∞} → O(3) ∼= S2. It is well-known that such maps are described
topologically by the second homotopy group π2(S2) ∼= Z. So we have the infinite number of non -
equivalent homotopy classes, which can be figured out intuitively as maps from sphere to sphere
with different winding numbers.

We want to watch how such topological features affects the system.
To start off, I found the transformation to a more convenient coordinates on the target space

mapping it into complex projective space CP1 with conjugate variables(
W =

ϕ1 + iϕ2

1− ϕ3
, W ∗

)
, for the north pole projection, (3)(

W =
ϕ1 + iϕ2

1 + ϕ3
, W ∗

)
, for the south pole projection. (4)

And inverse transformations

(ϕ1, ϕ2, ϕ3) =

(
W +W ∗

1 + |W |2
, i
W ∗ −W

1 + |W |2
,
|W |2 − 1

1 + |W |2

)
, -North pole, (5)

(ϕ1, ϕ2, ϕ3) =

(
W +W ∗

1 + |W |2
, i
W ∗ −W

1 + |W |2
,
1− |W |2

1 + |W |2

)
, -South pole. (6)

One can show [1] that the N-soliton solution can be constructed by the holomorphic map of a
form

W (z) =
P (z)

Q(z)
, (7)

where z is a complex coordinate on the spatial part of a world-sheet, P (z), Q(z) are the polynomials
of the degree not greater that N (degree of one’s must be exactly N).
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For instance, we obtained 2-soliton solution using a transformation

W (z) =
(z − a)(z − c)

(z − b)(z − d)
, (8)

with a,b,c,d be constants. The profile of energy density is shown in Fig. 1

Figure 1: Energy distribution of the 2-soliton solution to O(3) sigma-model

Then I found out that more convenient form of the transformation W (z) to get the manually
prepared system of solitons is

W (z) = A

[
N∑
k=1

1

z − zk

]−1

, (9)

Here are two different 8-soliton solutions

W
(1)
8 =

1
1

z−35
+ 1

z−25
+ 1

z−15
+ 1

z−5
+ 1

z+5
+ 1

z+15
+ 1

z+25
+ 1

z+35

, (10)

W
(2)
8 =

4
1
z
+ 1

z+1/2−i
+ 1

z−1/2−i
+ 1

z−1
+ 1

z+1
+ 1

z+3/2+i
+ 1

z−3/2+i
+ 1

z−2i

. (11)

Both are presented in pictures below.
It worth notice that the map from the south pole can be obtained by taking the conjugation

and applying the inversion transformation:

WS =
1

W ∗
N

(12)
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Figure 2: Energy distribution for 8-soliton so-
lution characterised by the map W (1)

8

Figure 3: Energy distribution for 8-soliton so-
lution characterised by the map W (2)
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Baby Skyrme model
The action of the Skyrme model is build upon the one of sigma-model with fields ϕa : M → S2.
The density of Lagrangian in the case of flat space [1] is given by

L =
1

2
∂µϕ

a∂µϕa −
1

4
(ϵabcϕ

a∂µψ
b∂νϕ

c)2 + V (ϕ), (13)

where V (ϕ) - "arbitrary" potential, which ordinary takes the form V (ϕ) = −µ2(1−ϕ3), µ = const.
The constrain ϕaϕ

a = 1 is remained.
The map ϕa again may be interpreted as the winding number. So, for example, when this

number is equal to 1, the field must be turned once during the parallel transfer along a large circle
on S2 passing through the north pole.

We begin with consideration of so-called Baby Skyrme model which is determined on the 2 +
1 world-sheet.

The solution to this model due to symmetry reasons can be found with anzatz

ψ1 = cos θ sin f(r), ϕ2 = sin θ sin f(r), ϕ3 = cos f(r). (14)

Then the border conditions have a form

f(0) = π, f(∞) = 0. (15)

It was checked that intuitive consideration leads to the correct result of the solution with the
winding number equal to 1:

Q = − 1

8π

∫
ϵabcϵijϕ

a∂iϕ
b∂jϕ

cdxdy =

=
1

4π

∫
ϵabcϕ

aϕb
,rϕ

c
,θ =

1

4π

∫
f ′(r) sin f(r)drdθ =

1

2
cos f(r)

∣∣∞
0

= 1 (16)
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The energy of the system can be found using the standard Legendre transformation

E = 2π

∫ ∞

0

[
1

2
(f ′(r))

2
+

sin2 f(r)

2r2

(
(f ′(r))

2
+ 1

)
+ µ2(1− cos f(r))

]
rdr (17)

The first variation of action will lead us to the equation of motion for the function f(r)

(
r +

sin2 f(r)

r

)
f ′′(r) +

(
1− sin2 f(r)

r2
+

sin f(r) cos f(r)

r
f ′(r)

)
f ′(r)−

sin f(r) cos f(r)

r
− rµ2 sin f(r) = 0. (18)

The numerical solutions of it are shown below in fig. 4.
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Figure 4: The solution to Baby Skyrme model (18) for different values of µ

Skyrme model
The same actions can be performed on the original Skyrme model for 3 + 1 world-sheet [1]. The
Lagrangian and the spherically symmetrical anzatz have forms

L = −1

2
TrU †(∂µU)U

†(∂µU) +
1

16
Tr

[
(∂µU)U

†, (∂νU)U
†]2 , (19)

U(r) = exp (if(r)naτ
a)) = cos f(r) + inaτ

a sin f(r), (20)

where τa - Pauli matrices.
The energy of the system results in the next equation of motion

E = 4π

∫ ∞

0

(
r2 (f ′(r))

2
+ 2 sin2 f(r)(1 + (f ′(r))

2
) +

sin4 f(r)

r2
+m2(1− cos f(r))

)
dr, (21)

δE = 4π

∫ ∞

0

(
r22f ′(r)∂rδf + 4 sin f(r) cos f(r)δf(r)(1 + (f ′(r))

2
)+

2 sin2 f(r)2f ′(r)∂rδf +
4 sin3 f(r) cos f(r)

r2
δf −m2 sin f(r)δf(r)

)
dr (22)
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(r2 + 2 sin2 f(r))f ′′(r) + 2rf ′(r) + sin 2f(r)

(
2f ′(r)− (f ′(r))

2 − 1− sin2 f(r)

r2

)
+

1

2
m2 sin f(r) = 0,

(23)

which can be solved numerically:

Figure 5: The solution to Skyrme model at Q = 1 for different values of parameter m.

This result corresponds to the skyrmion with the winding number Q = 1.

Q = − 1

24π2

∫
ϵijkTr

(
U †∂iUU

†∂jUU
†∂kU

)
d3x, (24)

where

U †∂iU = i

(
ninaf

′(r) +
sin 2f(r)

2r
(δia − nani)

)
τa = iFia(r)τ

a. (25)

Since
Tr

(
τaτ bτ c

)
= 2iϵabc

for topological charge we obtain

Q = − 1

24π2

∫
2i3ϵijkϵabcFiaFjbFkcd

3x =

= − 1

12π2

∫
6

[
f ′(r)

(
sin 2f(r)

2r

)2

+ f ′(r)
sin4 f(r)

r2

]
r2drdΩ =

= − 1

2π2

∫
f ′(r)

sin2 f(r)

r2
r2drdΩ =

= − 4π

2π2

∫
f ′(r) sin2 f(r)dr = − 1

π

∫ ∞

0

(1− cos 2f(r))df = − 1

π
(f(∞)− f(0)) = 1 (26)
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Conclusion
The main result of my work was obtaining knowledge about the methods of analysing the systems
with topological objects. The detailed information of spaces the theory’s fields work between can
significantly expand our knowledge of system and its solutions. During my study period such
features were found in the models as O(3) sigma-model, euclidean Yang-Mills fields with the group
SU(2) and its BPST-instanton solution, Skyrme model in two different spatial dimensions of the
world-sheet.
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