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Abstract

Here we give a brief review of what has been achieved with QMC methods in PAS. One of
the limitations is that only valence electrons are included. We suggest a new procedure in order to
calculate the contribution to the momentum density of annihilating pairs from the semi-core electrons,
so that this is not estimated by standard Two-component Density Functional Theory (TCDFT). This
procedure has the potential of being applied not only in the case of PAS, but also in other areas of
condensed matter physics, quantum chemistry and etc.

1 Introduction

1.1 Introduction to PAS and
TCDFT

Positron annihilation spectroscopy (PAS) is an ex-
perimental technique that is applicable in a large
number of situations that range from the study of
vacancies in materials to high-Tc superconductors
[1]. This methods is based on injecting positrons in
a material that is probed. The positrons annihilate
with the electrons, which produces the well-known
511-KeV photons that can be detected. The detec-
tion of these photons is what yields the informa-
tion from the experiment. One of the most used
methods up to date is the Two-component density
functional theory (TCDFT). The work of Boroński
and Niemann [2] lays the foundation of modern ap-
proaches.

Following [2] we are trying to minimize:

E [n−, n+] = F [n−] + F [n+] +

∫
Ve (r) (n− − n+) d

3r

−
∫
n− (r)n+ (r′)

|r − r′|
d3rd3r′ + Ee−p

c [n−, n+]

(1)

This is the energy functional, which has to be min-
imized under the conditions that the number of
electrons and positrons remains the same. This can
done with the method of Lagrangian multipliers.
The first two terms (Hohenberg-Kohn functional)
F [n] are a short-hand for:

F [n] = T [n]+
1

2

∫
n (r)n (r′)
|r − r′|

d3rd3r′+Exc [n] (2)

Here the first term T is the kinetic energy, the sec-
ond is the Coulomb term integral and the third Exc
being the exchange-correlation energy.

In (1) Ve (r) is an external potential and the inte-
gral has significance of electrostatic energy of inter-
action of the system with an outside source. The
fourth term is the Coulomb interaction of the elec-
trons and positrons. The fifth term Ee−p

c is the
electron-positron correlation energy functional.

Now following [3,4] we can write for the total
annihilation rate λ and the momentum probability
density distribution ρ for annihilating pairs as:

λ = πr20c
∑
i

∫
⟨i| n̂− (r) n̂+ (r) |i⟩ d3r (3)

ρ (p) = πr20c
∣∣∣⟨f | Ôa (p) |i⟩

∣∣∣ (4)

Here n̂− = ψ̂−ψ̂− and n̂+ = ψ̂+ψ̂+ are the elec-
tron and positron density operators respectively,
ψ̂− and ψ̂+ being the electron and positron field
operators. The operator Ôa in (4) is an effective
annihilation operator:

Ôa (p) =
∫
e−

i
h
p·rψ̂− (r) ψ̂+ (r) d3r (5)

But instead of using operators in calculations we
can try writing the annihilation rate in terms of
density of electrons and positrons calculated from
DFT [5] as:

λ = πr20c

∫
n− (r)n+ (r) γ (n− (r)) d3r (6)

Here γ is a function known as the enhancement
factor. Its origin lies in the fact that the electrons
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and positron are not independent. One can classi-
cally have an intuition that as the positron is pos-
itively charged then the electrons will be attracted
to it. This correlation increases the annihilation
rate and thus is reflected by the γ (n− (r)) factor.
The accuracy of the prediction of the annihilation
rate depends on the quality of the enhancement
factor that is used.

The probability distribution of annihilating pairs
is calculated using DFT quantities [5] as:

ρ (p) = πr20c
∑
i

γi

∣∣∣∣∫ e−
i
h̄
p·rψ+ (r)ψi (r) d3r

∣∣∣∣2
(7)

Here ψi are the electrons orbitals and ψ+ is the
positron orbital. Here γj is a state dependent en-
hancement factor. It is calculated as:

γi =
λi

λIPMi

(8)

Here λi is the annihilation rate coming only from
the electron in the i-th state, which is:

λi = πr20c

∫
n+ (r)ni (r) γ (n− (r)) d3r, (9)

where ni is the density only due to one electron in
the i-th orbital. As for λIPMi it is a special case
of calculating the annihilation rate in the indepen-
dent particle approximation. That is when we take
the enhancement factor γ (n− (r)) = 1.

There have been softwares developed to solve the
modified Kohn-Sham equations that are obtained
from (1), as well as calculate the annihilation rates
and the momentum probability density of annihi-
lating pairs. One of the most used ones is ABINIT.

1.2 QMC in PAS

But there is no universal functional that works
very well for all calculations. Thus there should
be a search for a parameter-free or at least have
as few parameters as possible. One of the recent
candidates for this task are Quantum Monte Carlo
(QMC) methods - such as Variational Monte Carlo
(VMC) and Diffusion Monte Carlo (DMC).

For the first time QMC has been used for calcu-
lating the positron lifetimes of positron in solids by

K. Simula, et. al. [6]. Using their notation, they
consider the following wavefunction:

ΨSJ (R) = eJ(R)
[
ϕl (ri↑)

]
[ϕm (rj↓)]ϕ (r+) (10)

Where J (R) is the Jastrow factor, [ϕ] is a short-
hand for Slater determinant of electron orbitals,
↑ signifies spin-up, ↓ signifies spin-down, ϕ (r+) is
the positron orbital. The authors of the paper [6]
have also considered backflow displacement, but
have found that it is negligible and thus will not
be discussed further.

The authors use twist averaging. It is a general-
ization of periodic boundary conditions that allows
a particle to have a different phase when it is trans-
lated by a distance corresponding to the size of the
periodic boundary conditions Li [10]. It can be
written as:

ψ (r + Liei) = eiθiψ (r) (11)

This can easily be generalized to many particles.
Thus from (11) we are see that components of the
Bloch vectors are modified to be:

ki =
2πni
Li

+
θi
Li

(12)

Essentially (12) means that we are changing the
positions of the Bloch vectors in k-space. Thus
we are exploring displaced points in the k-space.
When we use twist averaging of a quantity, i.e.

⟨A⟩ =
∫
A (θ) dnθ∫
dnθ

=
1

(2π)n

∫
A (θ) dnθ (13)

where A (θ) is the average of the quantity for the
given twist angles θ, yields better convergence due
do the fact that for calculating properties for an
infinite system we must calculate an integral over
the whole first Brillouine zone, and these displace-
ments allow us to do so better. Hence it corrects
finite size cell effects, and we may not need using
such a large cell as otherwise.

As for the positron orbital they use the one cor-
responding to k = 0. It is the only relevant as ex-
periments [1] show that when a positron enters a
sample it thermalizes very quickly and thus there is
no reason to consider any other state than the one
corresponding to k = 0. The authors [6] then opti-
mize the Jastrow factors using VMC, as for the op-
timization of the wave function through DMC they
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used the fixed node approximation. They then a
result from [11] that the annihilation rate can be
written as:

λ = πr20c

Ne∑
i=1

⟨Ψ| Ôs
i δ (ri − r+) |Ψ⟩
⟨Ψ|Ψ⟩

= 100.9g (0)
N↑
e

V

(14)
where Ne is the number of electrons in the sim-
ulation cell of volume V , g (r) is the translation-
ally and rotationally averaged the pair correlation
function (PCF) and r0 is the clasically calculated
electron radius. Here and hereafter Ôs

i is the spin-
projection operator to the spin of the electron-
positron par.

They then sample the PCF with QMC by bin-
ning the electron-positron distances. Due to the
fact that very rarely do they have the distance
between the electrons and protons approach zero,
there is a very poor statistics for r ≈ 0. Thus what
they do is for an exponent of the form:

g (r) = exp (p (r)) = exp
(
a0 + a1r + ...+ aNr

N
)

(15)
The coefficient value of the coefficient a1 has to
be chosen so that the Kimball cusp condition for
the PCF is satisfied [12], but in a different context.
Here we want to obtain the cusp condition for the
pair correlation function between an electron and
a positron.

Following similar arguments as in the original
paper [12] and due the fact we are looking at a
single electron and a single positron from transla-
tional and rotational invariance of the Hamiltonian
the wave function should depend only on the rela-
tive distance r between them Ψ = Ψ(r). Letting
µ = me

2
be the reduced mass we have:(
− h̄2

2µ

∂2

∂r2
− h̄2

µr

∂

∂r
− e2

r

)
Ψ = ϵΨ (16)

Where Ψ is the wave function containing the
positron. Then if we suppose that the wave func-
tion is an analytic function and expanding:

Ψ(r) = a+ br +O
(
r2
)

(17)

Using (17) in (16) and grouping the terms that
behave as O

(
1
r

)
, we have:

h̄2b

µr
+
e2a

r
= 0 =⇒ b

a
=

1

2a0
(18)

Now for the pair correlation function we have g ∝
Ψ∗Ψ from which we have:

g ∝ a2 + 2abr +O
(
r2
)

(19)

Which through differentiation at the 0, (18) and
switching to atomic units:

∂g

∂r

∣∣∣
r=0

= −g (0) (20)

In the original paper there is − 1
a0

due to not being
in atomic units and because Kimball is consider-
ing the PCF cusp condition for electron-electron,
whereas here we want electron-positron.

From (15) and (19) we can easily calculate that:

a1 = −1 (21)

This is why the authors [6] have set a1 = −1.
They have not said what order N polynomial they
have fit. This depends on the amount of data one
has, as for maximizing the accuracy we must use a
high enough order N, but not so high that we have
Runge’s phenomenon [13].

They [6] have shown that on average they ob-
tain better results than TCDFT for the computed
lifetimes of positrons in different materials.

One year later in [7] the authors have attempted
to compute the positon momentum density of an-
nihilating pairs using QMC. They repeat the same
procedure for calculating orbitals, twist averaging
and everything else.

As for calculating the momemntum density of
annihilating pairs they use the followin formula due
to [14] (although it is in a slightly different form):

ρ (p) = πr20c

∫
Ψ∗ (r1, r1, ..., rN)

(
e

i
h̄
p·(r+−r1)Ôs

i

)
Ψ(r+, r+, ..., rN) d3Nr

(22)

Which can immediately written in a form that can
be used for the Metropolis algorithm:

ρ (p) = πr20c

〈
Ψ∗

(
e

i
h̄
p·(r+−r1)Ôs

i

)
Ψ

|Ψ(r+, r1, ..., rN)|2

〉
|Ψ2|

(23)

The procedure is the multiply and divide by the
quantity in the denominator and thus we obtain
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(23) from (22). More about such procedures and
QMC can be seen in [15].

After calculating (19) and projecting it to 1-D
Doppler, they plot the data to be compared with
both experiments and TCDFT methods. They
show that for the most the part they achieve a
higher accuracy for the most part in the distribu-
tion than standard DFT techniques.

1.3 Problems and directions for im-
provement

To cite the authors from [6]: "With pseudopoten-
tials, the annihilation and screening interactions
due to core electrons are not considered. We calcu-
late reference DFT results and estimate the annihi-
lation rate Γc due to core electrons using a number
of enhancement functionals".

Also citing them from [7]: "We compute the core
electron Doppler projections and their relative in-
tensity as compared to total spectra with density
functional theory (DFT) based methods.".

Thus in both cases they are not using only the
QMC methods, but are also using DFT to esti-
mate the contribution due to inner electrons. Also
in [7] they mention that they are not considering el-
ements who have d-electron subshells, because the
annihilation rate there is non-negligible.

All of this combined with the high-quality re-
sults, they have obtained we think that the next
step is model contribution from semi-core elec-
trons.

2 Methods

2.1 Slater determinant approxima-
tions for Metropolis algorithm

We would want to have approximate the Slater de-
terminant so that it can be computationally not so
heavy when considering semi-core electrons. Cal-
culating the Slater determinant through an LU de-
composition scales as O (N3). This means that
adding semi-core electrons can increase drastically
the computational time.

We are going to be looking at semi-core elec-
trons that have negligible overlap with valence and

semi-core electrons outside of the atom to which
they belong. Let us consider a system of l-atoms,
each of them has ml semi-core electrons (ml might
be 0) and nl valence electrons. Semi-core electrons
is a somewhat of a relative concept, but in this
context these are the non-valence that we want to
model. By the subscript sc we will specify semi-
core electrons, by the subscript v we will specify
valence electrons, by the superscript (k) we will
specify the k-th atom. Thus ψ(k)

v,a specifies the or-
bital of the a-th valence electron on the k-th atom.

From now on for the sake of brevity we will write
drop the l subscript and assume that if we are look-
ing at the l-th atom then n ≡ nl is the number
of valence electrons. The same holds for all other
quantities as well. Then we can write a Slater de-
terminant (up to a normalization constant) as:

Ψ({r}) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ψ
(1)
sc,1

(
r(1)sc,1

)
... ψ

(1)
sc,1

(
r(l)v,n

)
... ...

ψ
(1)
sc,m

(
r(1)sc,1

)
... ψ

(1)
sc,m

(
r(l)v,n

)
... ...

ψ
(1)
v,1

(
r(1)sc,1

)
... ψ

(1)
v,1

(
r(l)v,n

)
... ...

ψ
(l)
v,n

(
r(1)sc,1

)
... ψ

(l)
v,n

(
r(l)v,n

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(24)

This condition that there is a negligible overlap
between these electrons can be written as:∫

ψ(i)∗
sc,a (r)ψ

(j)
v,b (r) d

3r ≈ 0, i ̸= j∫
ψ(i)∗
sc,a (r)ψ

(j)
sc,b (r) d

3r ≈ 0, i ̸= j

(25)

Hence we can physically assert the amplitude of
finding a semi-core electron is negligible at the po-
sitions where the amplitude of finding an external
valence electron is non-negligible and vice-versa.
Or from (11) we can mathematically write:

ψ(i)
sc,a

(
r(j)v,b

)
≈ 0, i ̸= j

ψ
(i)
v,b

(
r(j)sc,a

)
≈ 0, i ̸= j

(26)

This allows us to make the matrix of the Slater
determinant sparser, as we set most of the matrix
elements on certain rows/columns as being equal
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to zero.∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ψ
(1)
sc,1

(
r(1)sc,1

)
... ψ

(1)
v,n

(
r(1)v,n

)
... 0

... ... ...

ψ
(1)
sc,m

(
r(1)sc,1

)
... ψ

(1)
sc,m

(
r(1)v,n

)
... 0

ψ
(1)
v,1

(
r(1)sc,1

)
... ψ

(1)
v,1

(
r(1)v,n

)
... ψ

(1)
v,1

(
r(l)v,n

)
... ...

0 ... 0 ... ψ
(l)
v,n

(
r(l)v,n

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(27)

This greatly reduces the amount of components of
the Slater determinant. For example are modeling
a material containing Ga, which can be written as
[Ar] 3d104s24p1, depending on what we call valence
electrons it has either 1 or 3. Chemically it has
three valence electrons. So if we are to consider
the effects of the 3d10 subshell then the number
of electrons that we have to treat for each atom
increases from 3 to 13.

Due to the increase in complexity the direct cal-
culation of the Slater determinant might not be a
viable option. But using the approximations from
(26) and (27), we can reduce the matrix to being
calculable through the use of sparse matrix deter-
minants.

In the case of weakly overlapping semi-core and
and valence electrons we can assume that:

ψ(i)
sc,a

(
r(i)v,b

)
≈ 0

ψ(i)
v,a

(
r(i)sc,b

)
≈ 0

(28)

Which through the use of the famous formula from
linear algebra that:

det
(
A 0
0 B

)
= det (A) det (B) (29)

By repeated use we can factorize the Slater deter-
minant into a product of semi-core electron deter-
minants and valence electrons.

But we will not suppose that the following ap-
proximation holds for the rest of the method.

Note: We use the following approximation only
for the case of approximating fast the value of
the wavefunction for a certain configuration in the
Monte Carlo sampling. If we were to consider cal-
culating ab initio the wavefunction of the system
in this manner we might not obtain results thar are

sufficiently accurate, as despite being small there
is an exchange-correlation energy due to outer va-
lence electrons.

2.2 Jastrow factors

Standard DFT schemes, although they yield very
good results, they use pseudopotentials in their cal-
culations. Pseudopotentials might be calculated
in different ways (for example Dirac-Fock equa-
tions) depending on the what accuracy we want
to achieve. But what all of them have in common
is the lack of singularity in the potential. This
means that there will be no cusp in the wavefunc-
tions. This we can handle through the use of Jas-
trow factors to improve the wavefunction. These
factor will be parametrized and we can perform
variational Monte Carlo to improve them.

When we are considering using Jastrow factors
we then suppose that we can write the wavefunc-
tion as (up to a normalization constant):

Ψ = exp (J ({ri}, {Ra})) [ϕi] (30)

The coordinates {Ra} here specify the coordinates
of the nuclei.
We must satisfy the cusp condition so that there
are no divergences in the average energy from the
Hamiltonian. The first to consider the cusp in the
wave functions is Kato [8]. From [9] we can write
the following cusp conditions that should be used:(

∂J

∂rij

)
rij=0

=
1

2
(31)

(
∂J

∂rij

)
rij=0

=
1

4
(32)(

∂J

∂rij

)
rij=0

= −Z (33)

Here rij is the distance between the two par-
ticles considered (it can include electron-nucleus
distances) and Z is the charge of the nucleus.
It should be noted that rij is treated as an in-
dependent variable, i.e. we suppose that J =
J (ri, rj, rij). Equation (31) is for the antiparallel
spin electron-electron cusp condition, (32) for the
parallel spin electron-electron cusp condition and
(33) is for the electron-nucleus cusp condition.
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2.3 Monte Carlo optimization

Here we will be following mainly the material that
is covered brilliantly in [15].

The idea behind Variational Monte Carlo
(VMC) is that we parametrize the wavefunction
and then we optimize the parameters so that we
approach the ground state of the system.

The average of any operator in the continuum
can be written as:〈

Â
〉
=

∫
ψ (r) Âψ (r) dnr (34)

which we can easily rewrite as:

⟨A⟩ =
∫ (

ψ (r) Âψ (r)
)

|ψ (r)|2
|ψ (r)|2 dnr (35)

Assuming that |ψ (r)|2 is normalized, then it is a
probability distribution and we can rewrite this as:

⟨A⟩ =

〈(
ψ (r) Âψ (r)

)
|ψ (r)|2

〉
|ψ(r)|2

≡ ⟨Al (r)⟩|ψ(r)|2

(36)
Now we can sample configurations in order to cal-
culate the average value:

⟨A⟩ ≈ 1

N

N∑
i=1

Al (ri) (37)

We write the approximate sign as this equality is
reached only in the limit N → ∞.

Metropolis, et. al. [16] have proposed an algo-
rithm for efficient Monte Carlo sampling. If we are
at r we propose a new position r′, then we have an
acceptance probability for this move of the form:

pacc = min

(
1,

|ψ2 (r′)|
|ψ2 (r′)|

)
(38)

This follows from the detailed balance condition in
the system. Physically it represents that an equi-
librium state is reversible. Thus the Metropolis al-
gorithm is applicable for systems in the equilibrium
state only. This simple algorithm lays the founda-
tion for many of the Monte Carlo algorithms.

As for VMC we can either try minimizing the
energy or minimizing the variance of the energy.

From theorem that can be found in most Quantum
Mechanics texts, for example [17], through varia-
tional methods we always have the following rela-
tion:

Evar ≥ E0 (39)

Where E0 is the ground state energy. Hence low-
ering the energy of the system is equivalent to
approaching the ground state wavefunction. The
equality is reached only for the ground state wave-
function.

But we can write the variance of the energy as:

σE = ⟨ψ|
(
Ĥ − E0

)2

|ψ⟩ , (40)

assuming that the wavefunction is normalized, oth-
erwise we must divide by it’s modulus. We can
easily see that the ground state of the system has
zero variance. Thus instead of minimizing the en-
ergy we may minimize the variance.

There are many methods for both energy mini-
mization and variance minimization and for a com-
prehensive overview one should definitely look at
[15]. Here we will look at only the one that is to be
of most use in crystals, namely Sorella’s stochastic
reconfiguration technique.

This technique is an equivalent to the gradient-
descent method that has wide applications. First
one has ’generalized forces’, the negative gradient
of the energy. If we are using s variational param-
eters then we may write the variational parameter
vector ααα = (α1, ..., αs), then we write the general-
ized force vector as:

f = −∇αααE ⇔ fi = − ∂E

∂αi
(41)

Then using our physical intuition in order to reach
the equilibrium state the system must follow the
direction of the forces, which allows us to vary the
coefficients as:

α′
i = αi + δαi, δαi = ∆fi (42)

Here ∆ is a small proportionality constant deter-
mining the size of the step. Then by Taylor ex-
panding the energy, we have:

Eααα′ = Eααα +
∑
i

∂E

∂αi
δαi +O

(
∆2

)
(43)
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When we choose ∆ small enough we can neglect
second and thereon terms in the expansion and us-
ing (41) and (42) we obtain:

Eααα′ − Eααα = −∆
∑
i

f 2
i ≤ 0 (44)

Thus by consecutive iterations we can minimize the
energy.

As for DMC good discussion can be found in
[15, 20] as well as how the implementation is to
be done. We will restrict ourselves only to a very
samll discussion.

The main idea is that is based on a mathemati-
cal analogy between the Schrödinger equation and
the diffusion equation. The Schrödinger equation
can be thought of as a diffusion in imaginary time.
We then sample a lot of walkers and evolve them
according to the quantum dynamics of the system.
The only problem is that this method scales expo-
nentially with the number of electrons considered
in the system, but the computation time is reduced
by the so called Fixed-Node Approximation.

The reason why we want to have a very accu-
rate density of the system is because we want our
nodal surface to be as accurate as possible as it
determines the accuracy of the DMC method.

2.4 Approximation of splitting the
optimization procedure

Based on everything we have said in 2.1. we now
make the following approximation. We will sepa-
rate the semi-core electrons in an atom and the
corresponding valence electrons from the rest of
the system. Then we optimize the wave function
so as to minimize energy \ variance of energy for
the corresponding wavefunctions for electrons on a
given atom. We can either use the potential ob-
tained from DFT calculations, or we can rewrite
the Hamiltonian as follows:

H = T + (VDFT (r)− VPs (r)) + Vnuc−el (r) (45)

The following terms are - T - kinetic energy of all
the electrons, VDFT is the potential as computed
from DFT, VPs is the pseudopotential of the atomic
core along with the inner electrons, and Vnuc−el is a
new approximation for the nucleus potential along
with core electrons.

The idea behind the new Hamiltonian is that
when going closer to the nucleus the pseudopoten-
tial may yield results that are not satisfactory as it
gives the potential produced at large enough dis-
tances. The new approximate term Vnuc−el will de-
pend from a given situation to another, so a gen-
eral recipe can not be given. One can do the Monte
Carlo calculations using a pseudopotential which is
more accurate closer to the nucleus than the pseu-
dopotential used in the DFT calculations.

After we have optimized the semi-core wavefunc-
tions then we can move on to optimizing the Jas-
trow factors of the whole system containing - nu-
clei, valence electrons, semi-core electrons and the
positron.

Here we can neglect Jastrow factors between va-
lence electrons and semi-core electrons on different
atoms, as well as between semi-core and semi-core
electrons on different atoms. We won’t optimize
the Jastrow factors between valence and semi-core
electrons on the same atom, as this we have done
so, as said in the previous section. This is the idea
behind the splitting of optimization procedure.

We can thus focus on optimizing positron-
nucleus, electrons-nucleus, positron-electrons and
maybe 3-body Jastrow factors.

2.5 Group theoretical aspects of
Jastrow factors

2.5.1 Group theoretical aspects in crystals

Although we have (27) which will greatly speed
up our calculation of the wavefunction, which is
necessary for the Metropolis algorithm. The sheer
amount of electrons requires a lot of Jastrow fac-
tors. However we can reduce this number from
group theoretical arguments.

The Jastrow factors for semi-core and valence
electrons around nucleus that are a linear combi-
nation of the elementary translation of the space
group should be the same. As shifting by such
translations can at most result in a change in phase
of the wavefunction [18], but the Jastrow factors
are real and thus they don’t change.

In this way the space group of the material deter-
mines how many Jastrow factors are needed to be
optimized for the electrons around a single atom.
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Physically this is the case as the semi-core elec-
trons experience the same potential from the va-
lence electrons and all the other atoms and elec-
trons in a crystal by this type of translations.

This implies that we may need to use QMC, for
the electrons belonging to the same atom, only for
a few atoms. This greatly reduces the amount of
computational time, as this does not scale with
how many cells we are to use.

Similar arguments can be used for the Jas-
trow factor between different valence electrons,
valence electrons-nuclei, valence electrons-positron
and positron-nuclei.

Note: Everything said up to now is valid only
for the case that potential can truly be assumed
to be periodic. It may not be periodic for example
in the case when there are are transitions between
different energetic levels for the valence electrons or
there is a dislocation that occurs in the material.
We will not be considering such cases.

2.5.2 Group theoretical aspects for
molecules

Molecules are characterized by point groups, in-
stead of space groups as in crystals. In this case
we have to look only at the operations transform-
ing one atom of the molecule into an equivalent,
which by similar arguments should yield the same
Jastrow factors between semi-core and valence elec-
trons belonging to the same atom.

2.6 Self-consistent Monte Carlo op-
timization

After what has been said in 2.4. and 2.5. we now
consider the possibility of a self-consistent Monte
Carlo scheme. By this we perform the following
steps:

1) Optimize the Jastrow factors between semi-
core and valence electrons on the same atom.

2) Optimize the Jastrow factors between the
positron, electrons and nuclei.

3) Repeat until the desired accuracy is achieved.
A possible problem with this procedure is that

there might be a slow convergence, but this has to
be tested with real calculations.

3 Steps to practical realization
1. One should first calculate the orbitals of the
system through DFT. Twist averaging is suggested
as it improves the accuracy of desired quantities
and we want the nodal surface that is going to be
used in DMC to be as accurate as possible, as this
is the one of the sources of errors in the fixed-node
approximation [15].

2. With the obtained orbitals, one should first
change from the plane-wave basis to the blip ba-
sis [19], as in order to obtain the value at a point
of the wavefunction we have to sum over all the
plane-waves. This procedure becomes increasingly
expensive with increase in accuracy of the wave-
function.

We can thus consider thus consider interpolating
the wavefunction by splines. One of the most use-
ful ones are the B-splines [13]. In our case the blip
functions are cubic B-splines. In three dimensions
around any points r there are only 64-blip coeffi-
cients, no matter how many plane-waves are used
[19]. We can write the wavefunction in plane-wave
representation and in blip basis representation at a
given point r, following the notation from [19], as:

ψ (r) =
∑
k

cke
ik·r (46)

ψ (r) =
∑
s

asΘs (r) (47)

We can obtain coefficients from one representation
into the other through:

as =
∑
k

ckγke
ik·r, (48)

where the coefficients γk are given by:

γk =
3

k4
(3− 4 cos k − cos 2k) (49)

Here (48) represents nothing else but a Discrete
Fourier Transform and we can calculate them effi-
ciently and fast [19].

3. Next we have to incorporate the algorithm
for calculating Slater determinants as in (27). Here
we have to implement a sparse determinant calcu-
lation method.

4. We have to calculate the positron wave func-
tion. We want a wavefunction that is accurate
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enough in the semi-core electrons region. This can
be done in two ways.

The first is to calculate the electrons and
positron orbitals, using a pseudopotential that
treats the semi-core electrons as "valence" elec-
trons. This can be done done with a suitably cho-
sen pseudopotential, as if we choose one that treats
the semi-core electrons as "frozen" in the core then
the potential near that region is different and the
wavefunction in that region will not be very accu-
rate.

The second approach is to calculate the orbitals
for the electrons (both valence and semi-valence)
and then calculate the orbital of the positron
when placed in such a system, supposing that the
positron does not appreciably distrurb the electron
density.

The second approach will be computationally
more accurate and yield great errors, thus it is the
preferable method.

5. Good Jastrow factors have to be chosen, as
the accuracy of VMC depends on them [15]. They
have to satisfy the described cusp conditions in 2.3.

6. Now one has to perform the Quantum Monte
Carlo methods. First we optimize with VMC the
parameters in the Jastrow factors. One can use ei-
ther energy minimization or variance minimization
as described in 2.4. We split the optimization pro-
cedure as described in 2.4. From this we obtain
the optimized wavefunction for the system ΨVMC .

Now we use the optimized wavefunction ΨVMC

for the DMC. We are to use fixed-node approxima-
tion, which was our main reasons for using VMC
in the first place as it improves the accuracy of this
surface. We perform DMC with N-walkers.

7. Sample the integral considered in (23). In
order to obtain the one dimensional distribution
we have to sum over as in [7] in the following way:

ρ (pz) =

∫
ρ (p) dpxdpy (50)

This is nothing more but the obtaining the one-
dimensional probability distribution from the mul-
tidimensional functional.

4 Conclusion and outlook

Quantum Monte Carlo algorithms in PAS is an
emerging method that is aimed at improving
the TCDFT techniques, as it is parameter free.
TCDFT will not be abolished as a method as we
need an accurate initial wavefunction to obtain ac-
curate Monte Carlo results. The articles originat-
ing this field [6,7] contain a lot of open problems
that are thus to be solved.

Here we suggest a new algorithm as well as
the steps to be performed in a calculation. It is
aimed at modeling semi-core electrons annihilation
through QMC methods. This method can be used
in all other branches that have to model semi-core
electrons in materials, the only restriction being
the absence of a very strong correlation between
semi-core electrons and valence electrons and small
overlap with external electrons (25).

Of course concrete calculations have to be done
to establish the accuracy of this algorithm, so that
it can be compared with standard techniques such
as DFT and the experimental data. This is the
next step.

Some of the other open problems are for exam-
ple modeling the annihilation with every electron
in the material, including the deep core electrons.
This task is very computationally heavy and algo-
rithms reducing the time needed to execute all the
calculations, would prove very beneficial.

QMC methods should also be developed to be
used for calculation where traditional local func-
tional DFT methods fail as for example the case of
surface states [7].
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