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Abstract

The multiplicity distribution -number of secondaries- of charged particles
produced from e−e+ annihilation is studied at energies of 14, 22, 34.8 and
43.6 GeV. We analyzed our study using the negative binomial distribution
and Markov branching idea to fit them with the experimental data obtained
by TASSO detector at PETRA.

The fitting is done using a CERN’s ROOT minimization library. And the
fitting parameters of parton stage and the stage of hadronization in this
model are obtained in terms of the center of mass energies. Irregularities
in the fitting parameters are found.
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1 Introduction

The theory of strong interactions, Quantum Chromodynamics (QCD), still
has a lot of unsolved problems. One of these problems is the multiparticle
production (MP). Over the past few years, the MP processes have been
studied to help us better understand the strong interaction and the structure
of matter; through the testing of suggested phenomenological models [1].
Our work is mainly focused on the MP of the charged particles. This
process starts at high energies; 14 to 189 GeV [2], where the number of
secondaries increases. In accordance with QCD, they can be obtained
through the production of γ or Z0–boson into two quarks:

e+e− → (Z0/γ) → qq

1.1 Two Stage Model

We define this process using two stages:

1. cascade stage

2. hadronization stage

Parton spectra in QCD quark and gluon jets were studied by working
at the leading logarithm approximation and avoiding IR divergences by
considering finite x, the probabilistic nature of the problem has been established.
Giovannini proposed to interpret the natural QCD evolution parameter Y:

Y =
1

2πb
ln[1 + αsbln(

Q2

µ2
)]

where 2πb = 1
6(11NC −2Nf) for a theory with NC colours and Nf flavours,

as the thickness of the jets and their development as Markov process.

1.2 Branching Cases

The partons (quarks and gluons) that are produced can undergo fragmentation
using one of the following ways:

1. q → q + g (Quark Bremsstrahlung)

2. g → g + g (Gluon Fission)

3. g → q + q (Quark Pair Creation)

These three cases are shown in Figure 1. We use statistical techniques to
study the branching processes of partons, because the number of particles
in these processes is usually greater than 60 [3].

Let A∆Y be the probability that a gluon in the infinitesimal interval
∆Y will convert into two gluons, Ã∆Y be the probability that a quark
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(a) Quark Bremsstrahlung (b) Gluon Fission (c) Quark Pair Creation

Figure 1: Partons Branching Cases

will radiate a gluon, the quark continuing on its way, and B∆Y be the
probability that a quark-antiquark pair will be created from a gluon. A, Ã,
B to be Y-independent constants and each individual parton acts independently
from others, always with the same infinitesimal probability.

1.3 Markov Processes

In the probability theorem, we can calculate the probability of success
k-times for an event:

P (k) = Ck
np

k(1− p)n−k (1)

where k is the number of success times and n is the total number of trials.

Now, we can use the idea of Giovannini [4] to describe the quark-gluon
jets by Markov branching processes. Markov processes can be used when
the probability of the process happening is only dependant on the previous
process, but independent of all other previous processes [5].

The method of generating functions is a very important tool in the study
of stochastic processes with a discrete state space.

1.4 Calculations

In the Markov branching processes, we define a generating function:

Q =

∞∑
k=0

Pk z
k (2)

Where Pk is the probability of event success mentioned in equation 1, and
z is an arbitrary factor.

Therefore, by substituting:

Q =

∞∑
k=0

Ck
np

k(1− p)n−k zk =

∞∑
k=0

Ck
n(pz)

k(1− p)n−k (3)
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Using Newton’s binomial theorem (a+ b)n =
∑∞

k=0C
k
na

kbn−k:

Q =

∞∑
k=0

Ck
n(pz)

k(1− p)n−k (4)

= [1− p+ pz]n (5)

Q = [1 + p(z − 1)]n (6)

1.5 Gluon Decay Calculations

In our situation, the quarkonium decay can be represented by [6]:

e− + e → QQ̃ → 3 gluons → 3 jets

We are going to focus our attention on gluons decay. In this case, p and n
in equation 6 can be written as:

p =
nh
g

Ng

n = αNg

Where nh
g is the Average multiplicity of hadrons that forms from a single

gluon.

And Ng is the Maximum possible number of hadrons that can be produced
from a single gluon.

Since, we talk here about the decay of gluons only, we write Ng as N, and
nh
g as nh, just for simplicity.

So, we can substitute in equation 6:

Q = [1 +
nh
g

Ng
(z − 1)]αNg (7)

Where α =
nh
g

n is the probability to produce a hadron from a gluon.

To obtain the generating function of hadronization for m number of gluons:

QH = [1 +
nh

N
]2N [1 +

nh

N
]αNm
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= [1 +
nh

N
]2N+αNm

= [1 +
nh

N
](2+αm)N (8)

The probability of producing m gluons from quark pair at a quark-gluon
cascade:

Q(s, z) =

∞∑
k=0

pm[1 +
nh

N
](2+αm)N (9)

The Multiplicity Distribution Function (Pn) is the probability of obtaining
a definite number of particles produced from collisions. In order to obtain
multiplicity distribution for n number of particles, we take the nth derivative
of the generating function with respect to the arbitrary variable z, while
substituting with z = 0, and then use the following formula:

Pn =
1

n!

∂n

∂zn
Q(s, z)|z=0 (10)

Pn = Ω

∞∑
m=0

Pm
(2 + αm)N [(2 + αm)N − 1] ... [(2 + αm)N − n+ 1]

n!

×
(
nh

N

)n(
1− nh

N

)(2+αm)N−n

(11)

Where Pm is the negative binomial distribution function and it represents
the probability that parton will be transformed into m gluons:

Pm =
kp(kp + 1) + ...+ (kp +m− 1)

m!

(
kp

kp +m

)kp ( m

kp +m

)m

This equation can also be called Polya-Egenberger distribution, with kp as
a non-integer value.
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2 Method

In our approach, we tried fitting this multiplicity distribution function and
finding the 6 fitting parameters where:

• kp =
Ã
A ,

• m is the average multiplicity of gluons,

• nh is the Average multiplicity of hadrons that forms from a single gluon,

• N is the Maximum possible number of hadrons that can be produced
from a single gluon,

• α =
nh
g

n is the probability to produce a hadron from a gluon ,

• Ω is the Normalization coefficient

We used CERN’s ROOT of version 6.20. ”Minuit2” library which is a
new object-oriented implementation of the popular FORTRAN’s MINUIT
minimization package was chosen for the fitting process.

We used the data from the TASSO detector at PETRA taken in 1989 at
centre of mass energies ranging from 14, 22, 34.8 and 46.8 GeV [7], to
compare with our phenomenological model and calculations.

TASSO detector was a part of the German national laboratory DESY. It
consists of a large magnetic solenoid, 440 cm long and with a radius of 135
cm producing a field of about 0.5 Tesla parallel to the beam axis. The
field of the solenoid is compensated by two coils placed symmetrically with
respect to the central magnet. The solenoid is filled with tracking chambers
and will be surrounded by detector elements to measure the energy and
position of photons and to identify charged particles. [8]
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3 Results And Discussion

Fitting was done using the four center of mass energies
√
s = 14, 22, 34.8 &

43.6 GeV, as shown in Figures 2-5. The blue line and error bars represent
the experimental data and the red line represents the fitting equation. The
obtained fitting parameters are shown in Table 1.

Figure 2: 14 GeV

Figure 3: Multiplicity Distribution function at energy of 22 GeV

Figure 4: Multiplicity Distribution function at energy of 34.8 GeV
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Figure 5: Multiplicity Distribution function at energy of 43.6 GeV

kp m nh N α Ω
√
s = 14 GeV 184393 0.0812846 4.46792 27.8873 0.978672 1.99770

√
s = 22 GeV 3.10218 3.00057 4.53666 25.5509 0.16392 1.99916

√
s = 34.8 GeV 2.14864 5.55918 5.51266 113.715 0.0836628 1.99886

√
s = 43.6 GeV 582.229 20.4674 1.81107 35.1364 0.309082 1.99668

Table 1: Parameters obtained using fitting

These fitting parameters are drawn as functions of
√
s in Figure 6-11. The

studied model is on good agreement with the experimental data, showing
no deviations in any of the curves.

But we can deduce an irregular behaviour in these parameters with respect
to the energy, except for ω which shows the constancy of its value. It is
also clear that there is a large error in some of the plots which is due to the
extreme complexity of our equation. But the results are still acceptable.

Figure 6: kp
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Figure 7: m

Figure 8: nh

Figure 9: N
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Figure 10: α

Figure 11: Ω
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