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Abstract 

 

Spintronics is a growing field of research and recent advancement in it has many 

important applications. Josephson junctions offer a promising platform for the 

development of spintronic devices, which have applications in information processing, 

data storage, and sensing, like quantum computing, spin filters, spin valves, MRI etc. 

Overall, future research on Josephson junctions has the potential to lead to 

breakthroughs in quantum computing, energy conversion, sensing, and fundamental 

science. In first part, we consider superconducting-insulator-superconducting  (SIS) 

Josephson junction, and investigate the effect of junction capacitance, cases of 

overdamped and underdamped Josephson junction , and external radiation on the 

junction IV-curves. In the later part, we consider the superconducting-ferromagnetic-

superconducting (SFS) Josephson junction. We examined the magnetization trajectory 

of different planes, IV characteristics at different values of magnetic energy relation and 

the spin-orbit coupling. Overall SFS Josephson junctions have potential applications in 

superconducting electronics, such as qubits for quantum computing and spintronics and 

there is a scope for researchers to optimize and control the properties of the ferromagnetic 

layer more precisely.  
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1. Simulation of Josephson Junction 

 

1.1 Introduction 

 

Josephson Junctions are a type of electronic device consisting of two 

superconducting electrodes separated by a thin insulating barrier. It was first discovered 

by Brian Josephson in 1962, and his discovery led him to be awarded the Nobel Prize in 

Physics in 1963 [1]. The functioning of a Josephson junction is based on the Josephson 

effect, which is the observation of the flow of electric current through a weak link between 

two superconductors, even in the absence of any applied voltage. This effect arises due 

to the wave-like nature of the electrons in the superconducting materials and their ability 

to tunnel through the insulating barrier. When a voltage is applied across the Josephson 

junction, a supercurrent can flow through the barrier. This supercurrent is made up of 

pairs of electrons known as Cooper pairs [2], which can travel through the insulating 

barrier due to quantum tunnelling. An interesting case of Josephson Junction is the 

superconductor-ferromagnet-superconductor (SFS) junction [3]. The ferromagnetic layer 

in an SFS junction can act as a spin filter, selectively allowing electrons with specific spin 

orientations to tunnel through the junction, while blocking others. This spin-selective 

tunnelling effect is due to the difference in the density of states of the two 

superconductors, which is modified by the presence of the ferromagnetic layer. The 

Josephson junction is known for its ability to create and detect very small voltages and 

currents, and because of this, it is used in diverse applications such as SQUIDs 

(superconducting quantum interference devices), which are used to measure extremely 

small magnetic fields. They also have potential in quantum computing, due to their ability 

to create and control entangled quantum states, which could be used for quantum 

information processing. 

 

1.2 Josephson Junction Model 

 

In our study, we examined a Superconductor-Insulator-Superconductor (SIS) Josephson 

Junction, with a current source driving a current through the junction. We have made the 

assumption of a homogenous supercurrent density allowing a one-dimensional treatment. 



4 
 

We use the RCSJ, resistivity and capacitively shunted junction, model (Figure 1). This 

model models the Josephson junction as three parallel circuits; a capacitor to simulate 

the geometrically induced capacitance between the electrodes in the junction, a 

resistance to account for dissipation when we have a finite voltage and, the Josephson 

junction itself in its ideal version. 

 

 

 

Figure 1: Josephson SIS junction with an insulating layer (a) and its equivalent RCSJ circuit (b) [4] 

 

Kirchhoff’s law states that the total current out is the same as the total current in at a junction, 

hence, a total current in I will split between the three parallel components dependent on their 

type, where 𝐼𝑟𝑒𝑠 is the current through the resistor, 𝐼𝑐𝑎𝑝 is the current through the capacitor while 

𝐼𝑡𝑢𝑛 is the current through the tunneling device [5]. 

 

𝐼 =  𝐼𝑟𝑒𝑠 +  𝐼𝑐𝑎𝑝 + 𝐼𝑡𝑢𝑛 

 

We know that 𝐼𝑟𝑒𝑠 =
𝑉

𝑅
 due to quasi-static particle, for the current through capacitor  Q =  CV →

dQ

𝑑𝑡
=  C

dV

𝑑𝑡
 →  I𝑐𝑎𝑝 = C

dV

𝑑𝑡
 , and the tunnelling current I𝑡𝑢𝑛 = 𝐼𝑐sin(φ). Equating all the terms in the 

above current equation we get,  

 

𝐼 =
𝑉

𝑅
+ 𝐶

𝑑𝑉

𝑑𝑡
+ 𝐼𝑐sin𝜑 

 

Combining this equation obtained by Kirchhoff’s law, with the Josephson’s voltage-

phase relation as follow, 
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𝑑𝜑

𝑑𝑡
=

2𝑒

ℏ
𝑉 

 

Normalizing the system of equations, using following parameters with time 𝜏 and voltage 

𝑉0 with plasma frequency [6] 

𝑉0 =
ℏ𝜔𝑝

2𝑒
, 𝜏 = 𝜔𝑝𝑡  

𝜔𝑝 = √
2𝑒𝐼𝑐

𝐶ℏ
 (𝑝𝑙𝑎𝑠𝑚𝑎 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦),

𝐼

𝐼𝑐
→ 𝐼,

𝑉

𝑉0
→ 𝑉 

𝛽 =
1

𝑅
√

ℏ

2𝑒𝐼𝑐𝐶
=

1

√𝛽𝐶

 

 

Therefore obtaining,   

𝑑𝜑

𝑑𝑡
= 𝑉 

𝑑𝑉

𝑑𝑡
= 𝐼 − sin𝜑 − 𝛽𝑉 

If we consider Josephson Junction under external radiation, then the system follows 

additional current 𝐼𝑟𝑎𝑑 = 𝐴𝑠𝑖𝑛(𝜔𝑡), the above system of equations become,  

 

𝑑𝜑

𝑑𝑡
= 𝑉 

𝑑𝑉

𝑑𝑡
= 𝐼 − sin𝜑 − 𝛽𝑉 + 𝐴𝑠𝑖𝑛(𝜔𝑡) 

where A is the amplitude of the external radiation, and ω is its angular frequency. The 

above system of equations was solved using fourth order Runge–Kutta method [6].  

 

𝜑𝑗+1 = 𝜑𝑗 + 𝛥𝜑𝑗 

𝛥𝜑𝑗 =
1

6
(𝑃1

𝑗
+ 2𝑃2

𝑗
+ 2𝑃3

𝑗
+ 𝑃4

𝑗
) 

𝑉𝑗+1 = 𝑉𝑗 + 𝛥𝑉𝑗 
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𝛥𝑉𝑗 =
1

6
(𝐾1

𝑗
+ 2𝐾2

𝑗
+ 2𝐾3

𝑗
+ 𝐾4

𝑗
) 

 

where, the First Runge-Kutta coeffiecients is given by 

𝑃1 = 𝑉ℎ𝑡 

𝐾1 = {𝐼 −  sin φ}h𝑡  −  𝛽𝑃1 

Second Runge–Kutta coefficients given by, 

𝑃2 = {𝑉 +
𝐾1

2
} ℎ𝑡 

𝐾2 = {𝐼 − sin (φ +
𝑃1

2
)} h𝑡 − 𝛽𝑃2 

Third Runge–Kutta coefficients given by, 

𝑃3 = {𝑉 +
𝐾2

2
} ℎ𝑡 

𝐾3 = {𝐼 − sin (φ +
𝑃2

2
)} h𝑡 − 𝛽𝑃3 

and Fourth Runge–Kutta coefficients given by, 

𝑃4 = {𝑉 + 𝐾3}ℎ𝑡 

𝐾4 = {𝐼 − sin(φ + 𝑃3)}h𝑡  −  𝛽𝑃4 

 

A C++ code was written to solve the system of second-order differential equation. From 

this solution, the instantaneous voltage is plotted as a function of external current. 

 

1.3 Results 

 

1.3.1 Effects of model parameter on phase dynamics of Josephson Junction 

 

We observed the graph plotted in figure 2, when observing the current-voltage 

characteristics (IVC) for underdamped and overdamped Josephson junction [7]. For 

underdamped Josephson junctions (𝛽 ≪ 1), the junction capacitance and the resistance 

are large, and the damping ɳ is small. In contrast, for the overdamped junctions (𝛽 ≫ 1), 

the junction capacitance, resistance are small, and the damping ɳ is large.  
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Figure 3: The current-voltage characteristics (IVC) plot for different values of 𝛽 

 

For an underdamped Josephson junction, the voltage will depend on the current applied 

through the Josephson junction. If the initial current starts below the critical current Ic, the 

circuit will be superconducting, and therefore there will be no resistance and no voltage 

drop. Whereas, if the current is above 𝐼𝑐 there will be resistance, but even if the current 

were to drop below 𝐼𝑐, there will still be resistance until the current has dropped off 

sufficiently. A hysteresis plot is observed as shown above. For overdamped Josephson 

junction, the solution will be imaginary for 𝐼 < 𝐼𝑐 and linear and real for 𝐼 ≫ 𝐼𝑐 , An 

imaginary voltage means that the voltage will be 90 degrees ahead of the current peak in 

a phase diagram. For DC current these yields, a zero net voltage for 𝐼 <  𝐼𝑐. No 

hysteresis is observed in this overdamped case. 
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1.3.2 Effects of External Radiation 

 

 
Figure 4: Appearance of Shapiro steps in current-voltage characteristics (IVC) 

 

One interesting effect observed in the plot of external radiation is the appearance of 

Shapiro steps in superconducting materials. Shapiro steps [8] are a series of voltage 

steps that appear in the current-voltage characteristic of a superconductor when it is 

irradiated with microwave radiation. The steps occur at integer multiples of the frequency 

of the radiation, and their appearance is due to the interaction between the radiation and 

the superconducting electrons in the material. The Shapiro steps are quantized voltage 

steps and that they occur at discrete voltage values that are proportional to the frequency 

of the microwave radiation. For a specific n, the width of the Shapiro step is given by, 

∆𝐼 = 𝐼𝑐 |𝐽𝑛 (
2𝜋𝐴

Φ𝜔
)| 

where 𝐽𝑛 is the nth order Bessel function. 
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2. SFS Junction  

 

2.1 Introduction 

 

A superconducting-ferromagnetic-superconducting (SFS) Josephson junction is a type of 

Josephson junction where the barrier between two superconductors is a thin layer of 

ferromagnetic material. The SFS Josephson junction [9] exhibits interesting properties 

such as a critical current that depends on the relative orientation of the magnetization of 

the ferromagnetic layer with respect to the direction of the supercurrent flow. This is 

known as the 0 − 𝜋 transition, and it is due to the interplay between the singlet and triplet 

superconducting correlations that arise in the ferromagnetic layer. The current-phase 

relation (CPR) of these junctions is given by 𝐼 =  𝐼𝑐 𝑠𝑖𝑛(𝜑 −  𝜑0 ), where the phase shift 

𝜑0 is proportional to the magnetic moment perpendicular to the gradient of the asymmetric 

spin-orbit potential. 

 

 
Figure 5: Schematic view of SFS Josephson junction. The external current applied 

along x-direction, ferromagnetic easy axis along z direction [10] 

 

2.2 Model 

 

In Josephson junctions with a thin ferromagnetic layer the superconducting phase 

difference and magnetization of the F layer are two coupled dynamical variables. The 

Landau-Lifshitz-Gilbert (LLG) equation [11] and Josephson relations for current and 

phase difference are used to derive the system of equations that describes the dynamics 

of these variables. The magnetization dynamics of our system are specifically given by 

the Landau-Lifshitz-Gilbert equation, where the effective field relies on the phase 

difference. It is given as following equation, 
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𝑑𝐌

𝑑𝑡
= −𝛾𝐌 × 𝐇eff +

𝛼

𝑀0
(𝐌 ×

𝑑𝐌

𝑑𝑡
) 

𝐇eff =
𝐾

𝑀0
[𝐺𝑟sin (𝜑 − 𝑟

𝑀𝑦

𝑀0
) �̂� +

𝑀𝑧

𝑀0
�̂�] 

 

where 𝐺 =  𝐸𝐽 /(𝐾𝜈) is the ratio of the Josephson energy to the magnetic one where 𝐾 is 

the anisotropic energy term, 𝜈 is the volume of the ferromagnetic layer, 𝛾 is the 

gyromagnetic ratio, 𝛼 is a phenomenological damping constant, 𝜑 is the phase difference 

between the superconductors across the junction. Based on the equations for Josephson 

junction and the magnetic system, we write the total system of equations as follows, 

 

�̇�𝑥 =
𝜔𝐹

1 + 𝛼2 {−𝑚𝑦𝑚𝑧 + Grm𝑧 sin(𝜑 − 𝑟𝑚𝑦) −𝛼[𝑚𝑥𝑚𝑧
2 + 𝐺𝑟𝑚𝑥𝑚𝑦sin (𝜑 − 𝑟𝑚𝑦)]} 

 

�̇�𝑦 =
𝜔𝐹

1 + 𝛼2
{𝑚𝑥𝑚𝑧−𝛼[𝑚𝑦𝑚𝑧

2 − 𝐺𝑟(𝑚𝑧
2 + 𝑚𝑥

2)sin (𝜑 − 𝑟𝑚𝑦)]} 

 

�̇�𝑧 =
𝜔𝐹

1 + 𝛼2 {−𝐺𝑟𝑚𝑥sin (𝜑 − 𝑟𝑚𝑦)−𝛼[𝐺𝑟𝑚𝑦𝑚𝑧sin (𝜑 − 𝑟𝑚𝑦) − 𝑚𝑧(𝑚𝑥
2 + 𝑚𝑦

2)]} 

 

𝑑𝑉

𝑑𝑡
=

1

𝛽𝑐
[𝐼 − 𝑉 − si n(𝜑 − 𝑟𝑚𝑦)] ,

𝑑𝜑

𝑑𝑡
= 𝑉 

 

where 𝛽𝑐 is the McCumber parameter, 𝑚𝑖  =  𝑀𝑖/𝑀0 for 𝑖 =  𝑥, 𝑦, 𝑧 is the normalized 

magnetization, 𝑚𝑖  =  𝑀𝑖/𝑀0 for 𝑖 =  𝑥, 𝑦, 𝑧 is the effective field normalized to 𝐾/𝑀𝑠, 𝜔𝐹 =

 Ω𝐹/𝜔𝐶 here the ferromagnetic resonance frequency Ω𝑓 = 𝛾𝐾/𝑀0 and the characteristic 

junction frequency 𝜔𝑐  =  2𝑒𝑅𝐼𝑐/ℏ and we normalize time in unites of 𝜔𝑐
−1, current in units 

of 𝐼𝑐, and the voltage in unites of 𝐼𝑐𝑅 [12].  

 

This system of equations was solved numerically using the fourth-order Runge-Kutta 

method and it yields 𝑚𝑖(𝑡), 𝑉 (𝑡), and 𝜑(𝑡) as a function of the external bias current 𝐼. 

We observed current-voltage characteristics (IVC) at fixed system parameters and 

investigate the dynamics of magnetization along the IV curve by writing a C++ code. 
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2.3 Results 

 

 

Figure 6: (a) IV characteristic of the Josephson junction. (b) (c) Plot of Ferromagnetic resonance in the 

voltage dependence of 𝑚𝑦
𝑚𝑎𝑥 & 𝑚𝑧

𝑚𝑎𝑥 (d) Magnetization trajectory in the 𝑚𝑥 − 𝑚𝑦 plane at 𝐼 = 0.505 

corresponding to the max of the resonance curve, (e) similarly in 𝑚𝑥 − 𝑚𝑧 plane. 

 

Here, we calculated the temporal dependence of 𝑉 and 𝑚𝑖 at small dissipation (𝛼 << 1) 

for each value of bias current using C++ code. In Figure 6 (a), we observed the I-V 

characteristics graph at 𝛽𝑐 = 25. Hysteresis is observed in the graph [12]. In Figure 6-

(b),(c) presents the voltage dependence of the maximal amplitude of magnetic moment 

oscillations 𝑚𝑦
𝑚𝑎𝑥, 𝑚𝑧

𝑚𝑎𝑥 taken in the time domain at each value of 𝐼 calculated at small 

values of the Josephson to magnetic energy relation 𝐺 =  0.05 and the spin-orbit coupling 

𝑟 =  0.05. In Figure 6 (d), we observe the 𝑚𝑦 − 𝑚𝑥 plane’s trajectory of magnetization at 

bias current 𝐼 =  0.505 corresponding to the resonance peak. Similarly in (e), we observe 

for 𝑚𝑧 − 𝑚𝑥, where small deviation to the y axis changes periodically during one rotation 

circle.  
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(a)                                      (b)           (c) 

 

  (d)         (e)         (f) 

   

  (g)    (h)    (i)  

 

Figure 7: Magnetization trajectories in the planes 𝑚𝑦 − 𝑚𝑥 , 𝑚𝑧 − 𝑚𝑥, 𝑚𝑧 − 𝑚𝑦 for different 𝐼 

 

We observed the specifi phase magnetization trajectories in the planes 𝑚𝑦 − 𝑚𝑥 , 𝑚𝑧 −

𝑚𝑥, 𝑚𝑧 − 𝑚𝑦 for different 𝐼, which were I=0.60, 0.54, 0.46. We observed different shapes 

for the magnetization trajectories which are plotted above. Some of the above shapes are 

also called with different names. For example, (b) is referred as ‘apple, (d) as ‘sickle’, (e) 

as ‘mushroom’, (g) as fish. As we decreased the biasing current I, we observed as 
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cjhange in ‘moon’ to ‘mushroom’ trajectory in 𝑚𝑧 − 𝑚𝑥 plane [12]. The above results 

presents a unique possibility of controlling the magnetization dynamics via external bias 

current I. 

 

3. Conclusion 
 

In this study, we first examined the superconductor-insulator-superconductor (SIS) 

Josephson Junction, with a current source driving a current through the junction and 

observed its properties. A C++ code was written to find the solution of second-order 

differential equation of Josephson Junction. For an underdamped Josephson junction, if 

the current is above 𝐼𝑐 there will be resistance, but even if the current were to drop below 

𝐼𝑐, there will still be resistance until the current has dropped off sufficiently. A hysteresis 

plot was observed. For overdamped Josephson junction, the solution will be imaginary 

for 𝐼 < 𝐼𝑐 and linear and real for 𝐼 ≫ 𝐼𝑐. In presence of external radiation appearance of 

Shapiro steps was observed in superconducting materials, the width of those steps are 

strongly depend on the amplitude of these radiation. Later, we examined 

superconducting-ferromagnetic-superconducting (SFS) Josephson junction, and 

observed the magnetization dynamics using Landau-Lifshitz-Gilbert equation. A 

hysteresis was observed in the IVC. It was observed that for 𝑚𝑧 − 𝑚𝑥, small deviation to 

the y axis changes periodically during one rotation circle. Overall SFS Josephson 

junctions have potential applications in superconducting electronics, such as qubits for 

quantum computing and spintronics and there is a scope for researchers to optimize and 

control the properties of the ferromagnetic layer more precisely. 
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